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Abstract 

In this article, we shall investigate the relationship between the 
existence or non-existence of non-singular solutions to the normalized 
Ricci flow and smooth structures on closed 4-manifolds, where non- 
singular solutions to the normalized Ricci flow are solutions which 
exist for all time t € [0, oo) with uniformly bounded sectional curva- 
ture. In dimension 4, there exist many compact topological manifolds 
admitting distinct smooth structures, i.e., exotic smooth structures. 
Interestingly, in this article, the difference between existence and non- 
existence of non-singular solutions to the normalized Ricci flow on 
4-manifolds turns out to strictly depend on the choice of smooth struc- 
ture. In fact, we shall prove that, for every natural number i, there ex- 
ists a compact topological 4-manifold Xe which admits smooth struc- 
tures for which non-singular solutions of the normalized Ricci flow 
exist, but also admits smooth structures for which no non-singular 
solution of the normalized Ricci flow exists. Hence, in dimension 4, 
smooth structures become deflnite obstructions to the existence of 
non-singular solutions to the normalized Ricci flow. 

1 Introduction 



Let X be a closed oriented Riemannian manifold of dimension n > 3. The 
Ricci flow on X is the following evolution equation: 

d 

—g = -2RtCg, 

where RiCg is the Ricci curvature of the evolving Riemannian metric g. The 
Ricci flow was firstly introduced in the celebrated work [23] of Hamilton for 
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producing the constant positive sectional curvature metrics on 3-manifolds. 
Since the above equation does not preserve volume in general, one often 
considers the normalized Ricci flow on X: 

d 2_ 

—g = -2RlCg + -SgQ, 

where := J ^Sgdfig/volg and Sg denotes the scalar curvature of the evolving 
Riemannian metric g, volg := J ^dfig and dfig is the volume measure with 
respect to g. A one-parameter family of metric {g{t)}, where t G [0,T) for 
some < T < oo, is called a solution to the normalized Ricci flow if this 
satisfies the above equation at all x G X and t G [0, T). It is known that the 
normalized flow is equivalent to the unnormalized flow by reparametrizing in 
time t and scaling the metric in space by a function of t. The volume of the 
solution metric to the normalized Ricci flow is constant in time. 

The key point of an approach for understanding the topology of a given 
manifold via the normalized Ricci flow is to get the long-time behavior of 
the solution. Recall that a solution {g{t)} to the normalized Ricci flow on a 
time interval [0,T) is said to be maximal if it cannot be extended past time 
T. Let us also recall the following definition firstly introduced by Hamilton 
[271 [ID]: 

Definition 1 A maximal solution {g{t)}, t G [0,T), to the normalized Ricci 
flow on X is called non-singular if T = oo and the Riemannian curvature 
tensor Rmg(t) of g(t) satisfies 

sup |i?mg(f)| < oo. 

Xx[0,T) 

As a pioneer work, Hamilton [23] proved that, in dimesion 3, there exists a 
unique non-singular solution to the normalized Ricci flow if the initial metric 
is positive Ricci curvature. Moreover, Hamilton [27] classified non-singular 
solutions to the normalized Ricci flow on 3-manifolds and the work was very 
important for understanding long-time behaivor of solutions of the Ricci flow 
on 3-manifolds. On the other hand, many authors studied the properties 
of non-singular solutions in higer dimensions. For example, Hamilton [21] 
proved that, for any closed oriented Riemannian 4- manifold with constant 
positive curvature operator, there is a unique non-singular solution to the 
normalized flow which converges to a smooth Riemannian metric of positive 
sectional curvature. On the other hand, it is known that the solution on a 
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4-manifold with positive isotropic curvature definitely becomes singular 
[25] . See also a recent very nice work of Chen and Zhu [13] on Ricci flow with 
surgery on 4-manifolds with positive isotropic curvature inspired by the work 
of Hamilton [26j and the celebrated work of Perelman [SH |l2l |53l [TOl El iS] . 
There is also an interesting work concerning Ricci flow on homogeneous 4- 
manifolds due to Isenberg, Jackson and Lu [22] ■ See also Lott's work [15] 
concerning with the long-time behavior of Type-III Ricci flow solutions on 
homogeneous manifolds. However, the existence and non-existence of non- 
singular solutions to the normalized Ricci flow in higher dimensions n > 4 
are still mysterious in general. The main purpose of this article is to study, 
from the gauge theoretic point of view, this problem in case of dimension 
4 and point out that the difference between existence and non-existence of 
non-singular solutions to the normalized Ricci flow strictly depend on one's 
choice of smooth structure. The main result of the present article is Theorem 
|X] stated below. 

In [T8|, Fang, Zhang and Zhang also studied the properties of non-singular 
solutions to the normalized Ricci flow in higher dimensions. Inspired by their 
work, we shall introduce the following definition: 

Definition 2 A maximal solution {g{t)}, t G [0,T), to the normalized Ricci 
flow on X is called quasi-non-singular if T = oo and the scalar curvature 
Sg{t) of g{t) satisfies 

sup \sg{t)\ < oo. 

Xx[0,T) 

Of course, the condition of Definition [2] is weaker than that of Definition [TJ 
Namely, any non-singular solution is quasi-non-singular, but the converse is 
not true in general. In dimension 4, the authors of [T8| observed, among oth- 
ers, that any closed oriented smooth 4-manifold X must satisfy the following 
topological constraint on the Euler characteritic xi.^) and signature r(X) of 
X: 

2x(X)>3|r(X)| (1) 

if there is a quasi-non-singular solution to the normalized Ricci flow on X 
and, moreover, if the solution satisfies 

hit) < -c < 0, (2) 

where the constant c is independent of t and define as Sg := Ysmi^^x Sg{x) 
for a given Riemannian metric g. In this article, we shall call the inequality 
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([T]) the Fang- Zhang- Zhang inequality (or, for brevity, FZZ inequality) for 
the normahzed Ricci flow and we shall also call 2x{X) > 3|r(X)| the strict 
FZZ inequality for the normalized Ricci flow. The FZZ inequality gives 
us, under the condition ([2]), the only known topological obstruction to the 
existence of quasi-non- singular solutions to the normalized Ricci flow. It is 
also known that any Einstein 4-manifold X must satisfy the same bound 
2x{X) > 3|r(X)| which is so called Hitchin-Thorpe inequality [021 EH]- We 
notice that, however, under the bound ([2]), ( quasi- )non- singular solutions 
do not necessarily converge to smooth Einstein metrics on X. Hence, FZZ 
inequality never follows from Hitchin-Thorpe inequality in general. See [18] 
for more details. 

On the other hand, there is a natural diffeomorphism invariant arising 
from a variational problem for the total scalar curvature of Riemannian met- 
rics on any given closed oriented Riemannian manifold X of dimension n > 3. 
As was conjectured by Yamabe [65], and later proved by Trudinger, Aubin, 
and Schoen [3l HH [59l [63], every conformal class on any smooth compact 
manifold contains a Riemannian metric of constant scalar curvature. For 
each conformal class [g] = {vg \ v : X ^ ^'^}, we are able to consider an 
associated number Y[g] which is so called Yamabe constant of the conformal 
class [g] defined by 

Ylg] = mf 



where d/ih is the volume form with respect to the metric h. The Trudinger- 
Aubin-Schoen theorem tells us that this number is actually realized as the 
constant scalar curvature of some unit volume metric in the conformal class 
[g]. Then, Kobayashi [35] and Schoen [60] independently introduced the 
following invariant of X: 

3^(x) = supy[,], 

c 

where C is the set of all conformal classes on X. This is now commonly 
known as the Yamabe invariant of X. It is known that y{X) < if and 
only if X does not admit a metric of positive scalar curvature. There is now 
a substantial literature [311 [39l HOI IHl IMl EH [56] concerning manifolds of 
non-positive Yamabe invariant, and the exact value of the invariant is com- 
puted for a large number of these manifolds. In particular, it is also known 
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that the Yamabe invariant is sensitive to the choice of smooth structure of 
a 4-manifold. After the celebrated works of Donaldson [TSl [IS] and Freed- 
man [19j, it now turns out that quite many exotic smooth structures exist 
in dimension 4. Indeed, there exists a compact topological 4-manifold X 
which admits many distinct smooth structures Z\ Equivalently, each of the 
smooth 4- manifolds is homeomorphic to X, but never diffeomorphic to 
each! other. One can construct quite many explicite examples of compact 
topological 4-manifolds admitting distinct smooth structures for which val- 
ues of the Yamabe invariants are different by using, for instance, a result of 
LeBrun with the present author [3T] . 

Now, let us come back to the Ricci flow picture. In this article, we 
shall observe that the condition ([2]) above is closely related to the negativity 
of the Yamabe invariant of a given smooth Riemannian manifold. More 
precisely, in Proposition [5] proved in Section [3] below, we shall see that the 
condition ([2]) is always satisfied for any solution to the normalized Ricci flow 
if a given smooth Riemannian manifold X of dimension n > 3 has y{X) < 0. 
Moreover, we shall also observe that, in Theorem [5] in Section [3] below, if a 
compact topological 4-manifold M admits a smooth structure Z with 3^ < 
and for which there exists a non-singular solution to the normalized Ricci 
flow, then the strict FZZ inequality for Z must hold: 

2x{Z) > 3\riZ)l 

where, of course, we identified the compact topological 4-manifold M admits 
the smooth structure Z with the smooth 4-manifold Z. Let us here emphasize 
that 2x{Z) > 3|r(Z)| is just a topological constraint, is not a differential 
topological one. The observations made in this article and the special feature 
of smooth structures in dimension 4 naturally lead us to ask the following: 

Problem 1 Let X be any compact topological 4-fno,nifold which admits at 
least two distinct smooth structures with negative Yamabe invariant y < 0. 
Suppose that, for at least one of these smooth structures Z\ there exist non- 
singular solutions to the the normalized Ricci flow. Then, for every other 
smooth structure Z^ with 3^ < 0, are there always non-singular solutions to 
the normalized Ricci flow? 

Since X admits, for at least one of these smooth structures Z\ non- 
singular solutions to the the normalized Ricci flow, we are able to conclude 
that 2x{Zi) > 3|r(Zj)| holds for every i. Notice that this is equivalent to 
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2x{X) > 3|r(X)|. Hence, even if there are always non-singular solutions to 
the normalized Ricci flow for every other smooth structure Z\ it dose not 
contradict the strict FZZ inequality. 

Interestingly, the main result of this article tells us that the answer to 
Problem [1] is negative as follows: 

Theorem A For every natural number i, there exists a simply connected 
compact topological non-spin 4^-manifold Xi satisfying the following proper- 
ties: 

• Xi admits at least i different smooth structures Ml with 3^ < and 
for which there exist non-singular solutions to the the normalized Ricci 
flow in the sense of DefinitionUl Moreover the existence of the solutions 
forces the strict FZZ inequality 2% > 3|r| as a topological constraint, 

• Xi also admits infinitely many different smooth structures with 
3^ < and for which there exists no quasi-non-singular solution to 
the normalized Ricci flow in the sense of Definition In particular, 
there exists no non-singular solution to the the normalized Ricci flow 
in the sense of DefinitionUl 

Notice that Freedman's classification |19j implies that Xi above must be 
homeomorphic to a connected sum pCP^#gCP^, where CP^ is the complex 
projective plane and CP^ is the complex projective plane with the reversed 
orientation, and p and q are some appropriate positive integers which depend 
on the natural number £. Notice also that, for the standard smooth structure 
on pCP^#gCP2, we have 3^ > because, by a result of Schoen and Yau [58] 
or Gromov and Lawson [22], there exists a Riemannian metric of positive 
scalar curvature for such a smooth structure. Hence, smooth structures which 
appear in Theorem |X] are far from the standard smooth structure. On the 
other hand, notice also that the second statement of Theorem |A] tells us 
that the topological 4-manifold Xi admits infinitely many different smooth 
structures with 3^ < and for which any solution to the normalized Ricci 
flow always becomes singular for any initial metric. In the case of 4-manifolds 
with 3^ > 0, for example, consider a smooth 4-manifold with positive isotropic 
curvature metric g and with no essential incompressible space form. Then 
it is known that the Ricci flow develops singularites for the initial metric g. 
The structure of singularites is studied deeply by Hamilton [261 125] and Chen 
and Zhu [14J. In the present article, however, we do not pursue this issue in 
our case 3^ < 0. 
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To the best of our knowledge, Theorem |X] is the first result which shows 
that, in dimension 4, smooth structures become definite obstructions to the 
existence of non-singular solutions to the normalized Ricci fiow. Namely, 
Theorem |X] teaches us that the existence or non-existence of non-singular 
solutions to the normalized Ricci fiow depends strictly on the diffeotype of 
a 4-manifold and it is not determined by homeotype alone. This gives a 
completely new insight into the property of solutions to the Ricci fiow on 
4- manifolds. 

To prove the non-existence result in Theorem |Al we need to prove new 
obstructions to the existence of non-singular solutions to the normalized Ricci 
fiow. Indeed, it is the main non-trivial step in the proof of Theorem \M For 
instance, we shall prove the following obstruction: 

Theorem B Let X be a closed symplectic ^-i^o-nifold with b^{X) > 2 and 
2x{X) + 3r(X) > 0, where b^{X) stands for the dimension of a maximal 
positive definite subspace of H'^{X,'R) with respect to the intersection form. 
Then, there is no non-singular solution of the normalized Ricci flow on a 
connected sum M := X^kCP"^ if 



See also Theorem [21] and Theorem [23] below for more general obstructions. 
We shall use the Seiberg-Witten monopole equations [64J to prove the ob- 
structions. We should notice that, under the same condition, LeBrun [H] 
firstly proved that M above cannot admit any Einstein metric by using 
Seiberg-Witten monopole equations. As was already mentioned above, no- 
tice that, however, (quasi-)non-singular solutions do not necessarily converge 
to smooth Einstein metrics on M under the bound Hence, the above 
non-existence result on non-singular solutions never follows from the obstruc- 
tion of LeBrun in general. In this sense, the above obstruction in Theorem 
[B]is new and non-trivial. On the other hand, to prove the existence result of 
non-singular solutions in Theorem [X] we shall use a very nice result of Cao 
[9], [To] concerning the existence of non-singular solutions to the normalized 
Ricci fiow on compact Kahler manifolds. By combining non-existence result 
derived from Theorem [B] with the existence result of Cao, we shall give a 
proof of Theorem [A] 

The organization of this article is as follows. In Section [2] we shall re- 
call the proof of the FZZ inequality ([ID because we shall use, in Section [5] 
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below, the idea of the proof to prove new obstructions to the existence of 
non-singular solutions to the normalized Ricci flow. In Section 3, first of all, 
we shall prove that the condition ([2]) above is always satisfied for any solution 
to the normalized Ricci flow if a given Riemannian manifold X has negative 
Yamabe invariant. Moreover, we shall improve the FZZ inequality ([1]) under 
an assumption that a given Riemannian manifold X has negative Yamabe 
invariant. This motivates Problem [T] partially. See Theorem O below. In 
Section m we shall discuss curvature bounds arising from the Seiberg-Witten 
monopole equations. In fact, we shall firstly recall, for the reader who is 
unfamiliar with Seiberg-Witten theory, these curvature bounds following a! 
recent beautiful article [13] of LeBrun. And we shall prove, by using the 
curvature bounds, some results which are needed to prove the new obstruc- 
tions. The main results of this section are Theorems [19] and [20] below. In 
Section [5] we shall prove the new obstructions by gathering results proved 
in the previous several sections. See Theorem [211 Corollary [22] (Theorem 
[B|) and Theorem [23] below. In Section [6] we shall finally give a proof of the 
main theorem, i.e.. Theorem [K\ by using particularly Corollary [22] (Theorem 
[B|) . Finally, in Section [7] we shall conclude this article by giving some open 
questions which are closely related to Theorem [A] 

The main part of this work was done during the present author's stay 
at State University of New York at Stony Brook in 2006. I would like to 
express my deep gratitude to Claude LeBrun for his warm encouragements 
and hospitality. I would like to thank the Department of Mathemathics of 
SUNY at Stony Brook for their hospitality and nice atmosphere during the 
preparation of this article. 

2 Hitchin-Thorpe Type Inequality for the Nor- 
malized Ricci Flow 

In this section, we shall recall the proof of the Fang-Zhang-Zhang inequality 
([ID for the normalized Ricci flow. We shall use the idea of the proof, in 
Section 5 below, to prove new obstructions. We notice that, throughout the 
article [18], the authors of [T8] assume that any solution {g{t)}, t e [0, oo), 
to the normalized Ricci follow has unite volume, namely, volg(^t) = 1 holds 
for all t G [0,cxd). Since the normalized Ricci flow preserves the volume of 
the solution, this condition is equivalent to the condition that volg{Q) = 1 
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for the initial metric g{0). Though one can always assume this condition by 
rescaling the metic, such a condition is not essential. In what follows, let us 
give a proof of the FZZ inequality without such a condition on the volume. 
Lemma [21 Proposition [3] and Theorem H] below are essentially due to the 
authors of [18] . We shall include its proof for completeness and the reader's 
convenience. 

Now, let X be a closed oriented Riemannian 4-manifold. Then, the Chern- 
Gauss-Bonnet formula and the Hirzebruch signature formula tell us that the 
following formulas hold for any Riemannian metric g on X: 

where and W~ denote respectively the self-dual and anti-self-dual Weyl 

O 

curvature of the metric g and is the trace-free part of the Ricci curvature 
of the metric g. And Sg is again the scalar curvature of the metric g and d^g 
is the volume form with respect to g. By these formulas, we are able to get 
the following important equality: 

2x(X) ± 3r(X) = ^ / (2\W^\^ + i-\-^)d^g. (3) 

o 

If X admits an Einstein metric then we have 0. The above formula 
therefore imphes that any Einstein 4-manifold must satisfies 

2x(X)>3|r(X)|. 

This is nothing but the Hitchin-Thorpe inequality [62l [28] . As was already 
mentioned in Introduction, it is proved that, in [18], the same inequality still 
holds for some 4-manifold which is not necessarily Einstein. Namely, under 
the existence of quasi-non-singular solutions satisfying the uniform bound 
(12D to the normalized Ricci flow, the same inequality still holds. 

A key observation is the following lemma. This is proved in Lemma 2.7 of 
[18] for unit volume solution. We would like to point out that the following 
lemma was already proved essentially by Lemma 7.1 in the article [27] of 
Hamilton. Notice that, we do not assume that volg(t) = 1 holds for any 
t e [0,oo): 
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Lemma 2 Let X be a closed oriented Riemannian manifold of dimension n 
and assume that there is a quasi-non- singular solution {g{t)}, t G [0, oo), to 
the normalized Ricci flow in the sense of Definition\^ Assume moreover that 
the solution satisfies the uniform hound namely, 



hit) 



< -c < 



holds, where the constant c is independent oft and define as Sg := mirij^gx Sg{x) 
for a given Riemannian metric g. Then the following two bounds 







^dt < oo, (4) 



1 I x^^^^^ ~ Sg(^t)Wg(^t)dt < 2volg(^o) J ^ (^Sg(j) " s g (^t)^ dt < oo (5) 
hold, where Sgi^t) ■= j\sg(t)dfig(t)/volg(t)- 

Proof. As was already used in Lemma 2.7 in [18j, we shall also use an idea 
due to Hamilton [27|. More precisely, we shall use the idea of the proof of 
Lemma 7.1 in [27|. Recall the evolution equation for Sg(^t)- 

—Qf- = ^Sgit) + 2|it^Cg(t)| - -Sg(t)Sg^t) 



which was firstly derived by Hamilton [23] . If we decompose the Ricci tensor 

O 

Ric into its trace-free part r and its trace s, then we have 

\R^Cg^t)\ = I rg^t) I + -Sg^t) (Sg^t) ' Sg(t) j + ^SgW" 

We therefore obtain the following 

dSqU] \ ° \1 '2 ( — \ I \ 

-Qf- = + 2| r^w I + -Sgit) (sgi^t) - Sgit) ) . (6) 

From this, we are able to get the ordinary differential inequality: 

d. ,2. / 
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Since the solution satisfies the uniform bound ([2D, we have 



d 



2c /_ 



It is clear that this inequality indeed implies the desired bound (jl]). 

On the other hand, we have the following inequality (see also the proof 
of Lemma 7.1 in 



h{t) - Sg(t) 



This implies the following: 



\^9(t) - Sg{t)\dfJ'g(t) < / [Sg(t) - Sg^t)]dfig[t) + 
X J X ^ ' J X 

On the other hand, notice that the following holds: 

! X^9{t)d^J'g{t) 



^9(t) - ^g{t) )dfig(t) 



Sg{t)dHg(t) 



X 



We therefore obtain 



X 



vol 



ait) 



d^-g{t) 



Sg(t)dfig(t)- 



X 



X 



hit) 



Sg{t)Wglt) < 2 j j^hit) - Sg(t)^dfXg(^t) = 2VOlg(^t)[sgit) - Sgi^t))- 



Moreover, as was already mentioned, the normalized Ricci fiow preserves the 
volume of the solution. We therefore have vol 



ait) 



volg{Q). Hence, 



X 



Sg{t) - Sg(t)Wg[t) < 2VOlg(0)[sg(^t) " S g(t^ . 



This tells us that 



lit) - Sg(t)\dfig(t)dt < 2volg(^o) 



^ait) - ^ait) ^dt. 



J X Jo 
This inequality with the bound (jl]) implies the desired bound ([5]). I 

Using the above lemma, we are able to show a real key proposition to 
prove the FZZ inequality. The following result is pointed out in Lemma 3.1 
of HHI for unit volume solution and n = 4 
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Proposition 3 Let X be a closed oriented Riemannian manifold of dimen- 
sion n and assume that there is a quasi-non-singular solution {g{t)}, t G 
[0, cxd), to the normalized Ricci flow in the sense of Definition \^ Assume 
moreover that the solution satisfies the uniform bound namely, 



hit) 



< -c < 



holds, where the constant c is independent oft and define as Sg := miux^x Sg{x) 

O 

for a given Riemannian metric g. Then, the trace- free part Vg^^f^ of the Ricci 
curvature satisfies 

I I ^g(t) \'^dfXg^t)dt < OO. (7) 

J X 

Proof. Now suppose that there exists a quasi-non-singular solution to the 
normalized Ricci flow on a closed oriented manifold X of dimension n. As 
before, let us consider the evolution equation ([6]) for the scalar curvature of 
the solution: 

^^9it) A „ , ol ° |2 2 



dt 



O Lt f 



Notice that, by the assumption that the solution is quasi- non-singular in the 
sense of Deflnition [2], we are able to conclude that there is a constant C 
which is independent of both t e [0, cxd) and x E X, and \sg(t)\ < C holds. 
We therefore obtain 



1 r r , ,. 1 '•"^ 



J X 



rg(t) ?diig(t)dt = -j ^ j ^-^dfig^t)dt -^J ^ J ^hit) [ Sgit) - Sg(t) )dfig^t)dt 



- 2J J x~d^'^^'^'^'^^^ nj j J^9it)\\Sg(t)-^g(t)Wg(^t)dt 

^ \j Q x^'^^'^^^^'^'^^^^^n Jo J J^3(t)\\sg(t)-Sg^t)\dfig^t)dt 

1 d / \ C f 

- 2/0 dtV^^'^'^^^^^V'^^ ^nj J J^a{t)-Sg{t)\dfig(t)dt 

/oo ^ C f 

^ Ql^9{t)dt + -J ^ y ~ Sg^t)\dfigit)dt, 



voig^o) ro C 

■ I —^^9{t)dt + - / 

a J X 

where we used a fact that volgf^t) = "^^^c/Co) holds for any t G [0, 00). Hence we 
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have 



u 2 7 7 '^'-"'q(O) I d _ , C I I -17 7 

oJx J (yi^ ^ J J X 



< hm sup - Sg(o)| + - / / - Sgi^t)Wg(t)dt. 



On the other hand, the uniform bound \sg(t)\ < C imphes 



VOlg(t) VOlgl^t) VOlg(t) 

This tells us that 

- ^9(0)1 < \Sg(t) \ + |Sg{0)| < C + C = 2C. 

Therefore, we are able to conclude that the following holds: 

sup - Sg(0)| < 2C. 

Hence we obtain 



oo 



J X 



o ,2 VolglQ) C f°° f , 

^9{t) I d^^g(t)dt < — — -20+- / - |rf/i3(t)Cit 

^ ^ J J X 



^ poo P 

< VOlg^0)C+- / \Sg^t)-Sg^t)\dfig(t)dt. 

^ J J X 

This estimate with the bound ([5]) implies 

rg{t) \^diig(t)dt < oo 



J X 

as promised. I 
As was already noticed in [T8j, the bound ([7]) tells us that, when m — >• oo, 

/ I ^g(i) \'^dng(^t)dt — > (8) 

holds since J ^\ rg^j--^ \'^d^g{t) > 0. Indeed, one can see this by completely 
elementary reasons. Particularly, in dimension = 4, this ([8]) immediately 
implies the Fang-Zhang-Zhang inequality as follows (See also Lemma 3.2 in 

!): 
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Theorem 4 Let X be a closed oriented Riemannian 4-manifold and assume 
that there is a quasi-non-singular solution to the normalized Ricci flow in 
the sense of Definition [H Assume moreover that the solution satisfies the 
uniform bound namely, 



< -c < 



holds, where the constant c is independent oft and define as Sg := minrc^x Sg{x) 
for a given Riemannian metric g. Then, X must satisfy 

2x(X)>3|r(X)|. 

Proof. Suppose that there exists a quasi- non- singular solution {g{t)}, t G 
[0,00), to the normalized Ricci flow on X. Assume also that the bound ([2]) 
is satisfled. By the equality ([3]) which holds for any Riemannian metric on 
X, we are able to get 

2,(X) ± 3r(X) = l^{mtJ + %i - ^)*,,,. 

From this and ([8]), we are able to obtain 

2x(X) ± 3r(X) = [ ^ hxiX) ± 3r(X))rft 



m 

= liminf— / / (2\W%\^ + ^]dnMndt> 0. 



We therefore get the desired inequality. 



3 Fang- Zhang- Zhang Inequality and Negativ- 
ity of the Yamabe Invariant 

In this section, we shall improve the FZZ inequality under an assumption 
that the Yamabe invariant of a given 4-manifold is negative. This motivates 
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partially Problem [T] which was already mentioned in Introduction. The main 
result of this section is Theorem [H] below. 

Suppose now that X is a closed oriented Riemannian manifold of dimen- 
sion n > 3, and moreover that [g\ = {ug \ u : X —>■ M+} is the conformal 
class of an arbitrary metric g. Trudinger, Aubin, and Schoen [3], HH |59l [63] 
proved every conformal class on any smooth compact manifold contains a 
Riemannian metric of constant scalar curvature. Such a metric g can be 
constructed by minimizing the Einstein-Hilbert functional: 

^ , , Ix ^9 ^l-^g 



ilx df^a) ' 



among all metrics conformal to g. Notice that, by setting g = '^^g, we 

have the following identity: 

Ix ^9 dfJ^9 Ix [^9^^ + 4^|Vup] dfig 



{n-2) In 



As was already mentioned in Introduction, associated to each conformal class 
\g\^ we are able to define the following number which is called Yamabe con- 
stant of the conformal class \g\. 

y[,]= inf ^-^'^"^^^ 



Equivalently, 



Y\„] = inf -, rrj- 



where C^(X) is the set of all positive functions u : X ^ M'^. Kobayashi [35] 
and Schoen [60j independently introduced the following interesting invariant 
which is now called Yamabe invariant of X: 

3^(X) = supF[,], (9) 

where C is the set of all conformal classes on X. This is a diffeomorphism 
invariant of X. Notice again that y{X) < if and only if X does not admit 
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Riemannian metrics of positive scalar curvature. In this case, it is also known 
that the Yamabe invariant of X can be rewritten as 

y{X) = -(mf / \Sgr/'dfig) , (10) 

where supremum is taken over all smooth metrics g on X. For instance, see 
Proposition 12 in [31]. In dimension 4, it is known that there are quite many 
manifolds whose Yamabe invariants are strictly negative [39l [31] . 

For any Riemannian metric g, consider the minimum Sg := miux^x Sg{x) 
of the scalar curvature Sg of the metric g as before. In Theorem 2.1 in f27\ . 
Hamilton pointed out that the minimum Sg is increasing along the normalized 
Ricci flow when it is non-positive. Hence, it may be interesting to give an 
upper bound to the quantity. We shall give the following upper bound in 
terms of the Yamabe invariant. This result is simple, but important for our 
purpose: 

Proposition 5 Let X be a closed oriented Riemannian manifold of dimen- 
sion n > 3 and assume that the Yamabe invariant of X is negative, i.e., 
y{X) < 0. // there is a solution {g{t)}, t G [0,T), to the normalized Ricci 
flow, then the solution satisfies the bound More precisely, the following 
is satisfied: 

/ , y(x) 

sm :=mm.,(,(x)< ^^^^^^^^^,^„ <0. 

Proof. Suppose that there is a solution {g{t)}, t G [0,T) to the normalized 
Ricci flow. Let us consider the Yamabe constant ^[^(t)] of a conformal class 
[g{t)] of a metric g{t) for any t G [0,T). By definition, we have 

yiX) > y,„„ = ^M^^^ (j^^. ■ 

We therefore obtain 

„ / 2 n — 1 2\ 

y{X) > inf ^^^^ ' 



«GC?°(X) 



> Sg(t) ( inf 



iiGC?°(X) 



\ n—2/n 

^U^^/(^-^)dfig^t) 
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where notice that Sg := min^^x Sg{x). If Sg(^t) > holds, then the above 
estimate tells us that y{X) > 0. Since we assume that y{X) < 0, we are 
able to conclude that Sg^t) < must hold. 

On the other hand, the Holder inequality tells us that the following in- 
equality holds: 

n—2/n / f \ 2/n 



\ 71— 2/n 

u'''/"~^dflg^t)) {vol 

/ 



This implies that 

Jj^u'^dfx^ 



Since we have Sg(^t) < 0, this also implies 



s 



m[ inf ,J > s,it){volg^t)r^\ 



We therefore obtain 

f^u'^dfig^t) 



y(X) > i„.,(^^inf 



n— 2/n 



> i,(,)(i.o!5,„)'^'". 

On the other hand, notice that the normalized Ricci flow preserves the volume 
of the solution. We therefore have volg(t) = volg{Q) for ant t e [0,T). Hence, 
we get the desired bound for any t G [0, T): 



, ^ y{x) _ y{x) 



In particular, the solution {g{t)} satisfies the bound ([2]) by setting — c 

y{x)/{voig^,)fi-. 
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The following theorem is the main result of this section. Let m]{x,g) 
be the injectivity radius of the metric g at x & X. Recall that, following 
p!3t [T8] . a solution {g{t)} to the normalized Ricci flow on a Riemannian 
manifold X is called collapse if there is a sequence of times tk —>■ T such 
that sup2,gj(^inj(a;, —>■ 0, where T is the maximal existence time for the 

solution, which may be finite or infinite: 

Theorem 6 Let X be a closed oriented Riemannian ^-f^o-nifold. Suppose 
that there is a quasi-non- singular solution {g{t)}, t G [0,oo), to the normal- 
ized Ricci flow in the sense of Definition\^ If the Yamabe invariant of X is 
negative, i.e., y{X) < 0, then the following holds: 

2x(X)-3|r(X)|>^|3;(X)p. 

In particular, X must satisfy the strict FZZ inequality 

2x(X)>3|r(X)| 

in this case. Moreover, if the solution is non-singular in the sense of Defini- 
tionUl then the solution does not collapse. 

Proof. Suppose that there is a quasi-non-singular solution {g(t)},t & [0, oo), 
to the normalized Ricci flow. By Proposition [5] and the assumption that 
y{X) < 0, the solution automatically satisfies 

In particular, the solution satisfies the bound ([2]). By the proof of Theorem 
m above, we are able to obtain the following bound because there is a quasi- 
non-singular solution with the uniform bound ([2]): 

2x(X)±3r(X) > lij^^nf— j ^{2\W^^,^n ^)d^.g,,dt 

m~*oo 967rV m J X 



On the other hand, we have the equality (ITOj) under y{X) < 0. In case where 
n = 4, this tells us that 



\y{x)\' = M [ s'/fig. 

9 J X 
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We therefore have 



2x(X)±3r(X) > 
> 

Since |3^(X)| 7^ 0, we particularly obtain 2x(X) > 3|r(X)| as desired. On 
the other hand, as was already used in [27] and [18], Cheeger-Gromov's col- 
lapsing theorem [13] tells us that X must satisfy x{^) = if it collapses with 
bounded sectional curvature. However, X now satisfies 2x(X) > 3|r(X)| and 
hence x{^) 0- Therefore, we are able to conclude that if the solution is 
non-singular in the sense of Definition [H then the solution does not collapse. 
I 



liminf — - 



m+l 



X 



'ait) 



967r= 



Remark It is a natural question to ask whether or not a similar bound holds 
in the case where y{X) > 0. Suppose now that a given closed 4-manifold 
X has y{X) > 0. Notice that the positivity of the Yamabe invariant of X 
implies the existence of a Riemannian metric g of positive scalar curvature 
on X. According to Proposition 2.2 in [18], any non-singular solution to the 
normalized Ricci flow on X with the positive scalar curvature metric g as 
an initial metric always converges along a subsequence of times to shrinking 
Ricci soliton h. If the /i is a gradient shrinking Ricci soliton, the following 
bound (ITTl) is known. In this case, there are smooth function / and positive 
constant A > satisfying 

RiCh = \h + D^f, 

where Z)^/ is the Hessian of the Ricci potential function / with respect to h. 
Under the following constraint on the Ricci potential function / 

/ fd^ih = 0, 
J X 

one can see that the following bound holds from the proof of the main theorem 
of Ma [36]: 

2x(X)-3|r(X)|>-1^^3(X,/.). (11) 
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Here, for any positive constant a, define as 

Notice that, by the Schwarz inequahty, Ai{X, h) < holds. As^X, h) >0 is 
equivalent to f x^l.dfJ'h < 24A^f 0//1. See the bound (1) in the main theorem of 
Ma [IS]. We also notice that there is a conjecture of Hamilton which asserts 
that any compact gradient shrinking Ricci soliton with positive curvature 
operator must be Einstein. See an interesting article of Cao [12] including a 
partial affirmative answer under a certain integral inequality concerning the 
Ricci soliton. □ 

On the other hand, let us next recall the definition of Pelerman's A in- 
variant [SH [S2l El] briefiy. We shall firstly recall an entropy functional which 
is so called jF-functional introduced and investigated by Perelman [51]. Let 
X be a closed oriented Riemannian manifold of dimension n and g any Rie- 
mannian metric on X. We shall denote the space of all Riemannian metrics 
on X by TZx and the space of all C°° functions on X by C°^(X). Then 
jF-functional is the following functional JF : Tlx x C°°(X) M defined by 

HgJ):= [ {sg + \Vf\')e'fdfi,, 
J X 

where / G C°°(X), Sg is again the scalar curvature and d^g is the volume 
measure with respect to g. It is then known that, for a given metric g, 
there exists a unique minimizer of the jF-functional under the constraint 
J ^e~-^dfig = 1. Hence it is so natural to consider the following which is so 
called Perelman A-functional: 

Xg := inf {J^{g, f) \ / e~^dfXg = 1}. 
J J X 

It turns out that Xg is nothing but the least eigenvalue of the elliptic operator 
4:Ag + Sg, where A = d*d = — V- V is the positive-spectrum Laplace-Beltrami 
operator associated with g. Consider the scale-invariant quantity Xg{volgY/'^ . 
Then Perelman's A invariant of X is defined to be 

A(X) = s\x^Xg{volgf/'', 
9 

where supremum is taken over all smooth metrics g on X. This quantity is 
closely related to the Yamabe invariant. In fact, the following result holds: 
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Theorem 7 ([!]) Let X be a closed oriented Riemannian n-manifold, n > 
3. Then 

\+oo zfy{x)>o. 

Theorem E] and Theorem [7] immediately imply 

Corollary 8 Let X be a closed oriented Riemannian ^-i^o-nifold. Suppose 
that there is a quasi-non- singular solution {g{t)}, t G [0,oo), to the normal- 
ized Ricci flow in the sense of Definition\^ If the Perelman's A invariant of 
X is negative, i.e., X{X) < 0, then the following holds: 

2x(X)-3|r(X)|>-l^|A(X)r 
9o7r^ 

In particular, X must satisfy the strict FZZ inequality 2x{X) > 3|r(X)| in 
this case. Moreover, if the solution is non-singular in the sense of Definition 
m then the solution does not collapse. 

Notice that this corollary was firstly proved in [TS] under the assumption 
that the solution to the normalized Ricci flow has unit volume. See Theorem 
1.4 in ll8j. 

4 Curvature Bounds and Convex Hull of the 
Set of Monopole Classes 

By important works [371 EH [Ml SIl HSl Il3] of LeBrun, it is now well known 
that the Seiberg-Witten monopole equations [Bll lead to a remarkable family 
of curvature estimates which has many strong applications to 4-dimensional 
geometry. In this section, following a recent beautiful article |13] of LeBrun, 
we shall recall flrstly these curvature estimates in terms of the convex hull of 
the set of all monopole classes on 4-manifolds. We shall use these estimates 
to prove new obstructions to the existence of non-singular solutions to the 
normalized Ricci flow in Section 5 below. The main results of this section 
are Theorems [19] and [20] below. 

For the convenience of the reader who is unfamiliar with Seiberg-Witten 
theory, we shall recall briefy the deflnition of the Seiberg-Witten monopole 
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equations. Let X be a closed oriented Riemannian 4-manifold and we assume 
that X satisfies b'^{X) > 2, where b'^{X) stands again for the dimension of 
a maximal positive definite subspace of M) with respect to the in- 

tersection form. Recall that a spm'^-structure Tx on a smooth Riemannian 
4-manifold X induces a pair of spinor bundles Sp^ which are Hermitian vector 
bundles of rank 2 over X. A Riemannian metric on X and a unitary connec- 
tion A on the determinant line bundle Cr^ '■= det{S^^) induce the twisted 
Dirac operator Va '■ T{S^^) — > T{S^^). The Seiberg-Witten monopole 
equations over X are the following system of non-linear partial differential 
equations for a unitary connection A G -Ac^.^ and a spinor (p G r(S'p^): 

VA(jy = 0, F+ = iq{(j)), (12) 

here is the self-dual part of the curvature of A and q : S^^ ^ A+ is a 
certain natural real-quadratic map satifying 



km = 




where A"*" is the bundle of self-dual 2-forms. 

We are now in a position to recall the definition of monopole class [36| 

Definition 3 Let X be a closed oriented smooth ^-manifold with b'^{X) > 2. 
An element a G H^{X,'Z) /torsion C if^(X, M) is called monopole class of X 
if there exists a spin^ structure Vx with 

c^^rj = a 

which has the property that the corresponding Seiberg- Witten monopole equa- 
tions [W^) have a solution for every Riemannian metric on X . Here cf (£rx) 
is the image of the first Chern class ci{Cyx) of the complex line bundle Cr^ 
in M). We shall denote the set of all monopole classes on X by €{X). 

Crucial properties of the set ^{X) are summarized as follow [3T]: 

Proposition 9 ( |43| ) Let X be a closed oriented smooth ^-'^^o-nifold with 
b+{X) > 2. Then <t{X) is a finite set. Morever it{X) = -^iX) holds, i.e., 
a G H'^{X, M) is a monopole class if and only if — a E H^{X, M) is a monopole 
class, too. 
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These properties of ^(X) which sits in a real vector space if^(X, R) nat- 
ually lead us to consider the convex hull Hull(£(X)) of Recall that, 

for any subset of a real vector space V, one can consider the convex hull 
Hull(Vr) C V, meaning the smallest convex subset of V containg W. Then, 
Proposition [9] immediately implies the following result: 

Proposition 10 ( |43j ) Let X be a closed oriented smooth 4-''namfold with 
> 2. Then the convex hull Hull(C(X)) C H^{X,R) of it{X) zs com- 
pact, and symmetric, i.e., Hull(€(X)) = — Hull(£(X)). 

By Proposition [9|, ^{X) is a finite set and hence we are able to write as 
= {oi, a2, ■ ■ ■ , an}. The convex hull Hull((C(X)) is then expressed as 
follows: 

n n 

Hull(c:(X)) = iY^Uai I t, e [0, 1], Y.^i = 1}. (13) 

i=l i=l 

Notice also that the symmetric property tells us that Hull(C(X)) contains 
the zero element. 

Now, consider the following self-intersection function: 

Q : H^{X,R) M 

which is defined by x i— >■ :=< x U x, [X] >, where [X] is the fundamental 
class of X. Since this function Q is a polynomial function and hence is 
a continuous function on M). We can therefore conclude that the 

restriction Q|Huii(e:(x)) to the compact subset Hull(€(X)) of iJ^(X, M) must 
achieve its maximum. This leads us naturally to introduce the following 
quantity /5^(X): 

Definition 4 ([43]) Suppose that X is a closed oriented smooth ^-fno-nifold 
with &+(X) > 2. Let Hull((2:(X)) C H'^{X,M) he the convex hull of the set 
C(X) of all monopole classes on X. If ft{X) ^ 0, define 

(3\X) := max{Q(x) := | x G Hull(C(X))}. 

On the other hand, if ^{X) = holds, define simply as f3'^{X) := 0. 

Since Hull(C(X)) contains the zero element, the above definition particularly 
implies that /3^(X) > holds. 
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On the other hand, the Hodge star operator associated to a given metric 
g defines an involution on the real vector space if^(X, M) and this gives rise 
to an eigenspace decomposition: 

H\x,R) = n;®n;, (u) 

where := {ip G r(A^) \ dip = 0} are the space of self-dual and anti- 
self-dual harmonic 2-forms. Notice that this decomposition depends on the 
metric g. This dependence also can be described in terms of the period map. 
In fact, consider the following map which is so called the period map of the 
Riemannian 4-manifold X: 

P:7^^^Gr+(^)(i^2(X,M)) (15) 

which is defined hj g TCg. Here, Tlx is the infinite dimensional space of 

all Riemannian metrics on X and Gr^+ (^H^{X, R) j is the finite dimensional 

Grassmannian of 6"''(X)-dimensional subspace of if^(X, R) on which the in- 
tersection form of X is positive definite. Namely, we are able to conclude 
that the decomposition 0141) depends on the image of the metric g under the 
period map f|T5l) . 

Now, let a G H^{X,M.) be a monopole class of X. Then we can consider 
the self-dual part of a with respect to the decompsition f|T^ and take 
square (a"*")^. From the above argument, it is clear that this quantity (a"*")^ 
also depends on the image of the meric g under the period map 0151) . On 
the other hand, the quantity /3^(X) introduced in Definition H] above dose 
not depend on the metric and hence it never depend on the period map f|T5|l . 
One of important observations made in [13] is the following: 

Proposition 11 ( |43| ) Let X be a closed oriented smooth 4-''nanifold with 
b'^i^) > 2. Suppose that €{X) ^ 0. Then, for any Riemannian metric g on 
X , there is a monopole class a G C(X) satisfying 

(a-'Yyp^X). (16) 

On the other hand, it is well known that, as was firstly pointed out by 
Witten [nij, the existence of a monopole class gives rise to a priori lower 
bound on the L^-norm of the scalar curvature of Riemannian metrics. Its 
refined version is proved by LeBrun [38l HS] : 
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Proposition 12 ( |38L Let X be a closed oriented smooth ^-'^^o-nifold 

with h^{X) > 2 and a monopole class a E H'^{X,'Z) /torsion C M). 
Let g be any Riemannian metric on X and let be the self- dual part of a 
with respect to the decomposition M) = Ti^ © identified with the 

space of g-harmonic 2-forms, into eigenspaces of the Hodge star operator. 
Then, the scalar curvature Sg of g must satisfy the following bound: 

[ sldiXg> 327r'{a+Y. (17) 
J X 

//a"*" 7^ 0, furthermore, equality holds if and only if there is an integrable com- 
plex structure J with cf(X, J) = a such that {X,g, J) is a Kdhler manifold 
of constant negative scalar curvature. 

In [¥Tl HS] , LeBrun moreover finds that the existence of a monopole class 
implies an estimate involving both the scalar curvature and the self-dual 
Weyl curvature as follows: 

Proposition 13 ( |41L Let X be a closed oriented smooth ^-i^o-nifold 

withb^(X) > 2 and a monopole class a G H'^{X,7j) /torsion C if^(X, R). Let 
g be any Riemannian metric on X and let be the self dual part of a with 
respect to the decomposition H^{X,M.) = Hg (BH" , identified with the space 
of g-harmonic 2-forms, into eigenspaces of the Hodge star operator. Then, 
the scalar curvature Sg and the self-dual Weyl curvature W+ of g satisfy the 
following: 

j ^{sg - V^\W^\fd^ig > 727r2(a+)', (18) 

where the point wise norm are calculated with respect to g. And if ^ 0, 
furthermore, equality holds if and only if there is a symplectic form uo, where 
the deRham class [u] is negative multiple of and cf (X, cu) = o, such that 
{X,g,Lj) is a almost complex- Kdhler manifold with the following complicated 
properties: 

• 2s g + iVciJp is a negative constant; 

• ijj belongs to the lowest eigenspace of : everywhere; and 

• the two largest eigenvalues ofW^ : A+ A+ are everywhere equal. 
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Notice that, as was already mentioned above, the lower bounds of both 
(fT7|) and fll8l) depend on the image of the Riemmanin metric under the period 
map f|T5l) . This means that these curvature estimates are not uniform in the 
metric. Propositions [Tl|, [12] and [13] together imply, however, the following 
curvature estimates which do not depend on the image of the Riemannian 
metric under the period map f[T^ : 

Theorem 14 ([43j) Suppose that X is a closed oriented smooth ^-'manifold 
with b'^{X) > 2. Then any Riemannian metric g on X satisfies the following 
curvature estimates: 

[ sldfig> 32^P\X), (19) 
J X 

j J^Sg - ^/Q\W^\fd^lg > 727r^f3\X), (20) 

where Sg and W'^ denote respectively the scalar curvature and the self-dual 
Weyl curvature of g. If X has a non-zero monopole class and, moreover, 
equality occurs in either the first or the second estimate if and only if g is a 
Kdhler-Einstein metric with negative scalar curvature. 

Notice that if X has no monopole class, we define as j3'^{X) := (see Defini- 
tion H] above). On the other hand, notice also that the left-hand side of these 
two curvature estimates in Theorem [TJ] is always non-negative. Therefore, 
Propositions [TT| [T2] and [T3] indeed tell us that the desired estimates hold. To 
prove the statement of the boundary case, we need to analyze the curvature 
estimates more deeply. See the proof of Theorem 4.10 in [43J. 

As a corollary of the second curvature estimate, we particularly obtain 
the following curvature bound (cf. Proposition 3.1 in [H]): 

Corollary 15 Let X be a closed oriented smooth ^-f^CLnifold with h^{X) > 
2. Then any Riemannian metric g on X satisfies the following curvature 
estimate: 

ii./^(2|H-|=4)*,,>|AX). (21) 

where Sg and denote respectively the scalar curvature and the self-dual 
Weyl curvature of g. If X has a non-zero monopole class and, moreover, 
equality occurs in the above estimate if and and only if g is a Kdhler-Einstein 
metric with negative scalar curvature. 
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Proof. First of all, we have the curvature estimate fl2UI) : 

y"^(s, - ^/Q\W+\fd^lg > 727r2/32(X). (22) 
By multiplying this by 4/9, we are able to get 

We are able to rewrite this estimate as follows: 



.,-2y||W;i||>4v^7rv/^^, 



where || ■ || is the norm with respect to g and notice that we always 
have P'^{X) > 0. The rest of the proof is essentially the same with that of 
Proposition 3.1 in ^4]j|. For completeness, let us include the proof. Indeed, 
by the triangle inequality, we get the following estimate from the above 

^||s,|| + ^||V24|iy/||| > 4V27rv//?2(X). (23) 

The left-hand side of this can be interpreted as the dot product in M^: 

(|.5^)-(lWI.IIV48|vv7iii) = |||.gi + i||V24|vr;ii|. 

By applying Cauchy-Schwartz inequality, we have 



On the other hand, notice that 

This with the bounds (j23l) and (j24l) tells us that 
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Thus we have 

\ j ^ (4 + 48 1 > 327r2/32 (X) . 
This immediately imphes the desired bound: 




Finally, if X has a non-zero monopole class and, moreover, equality occurs in 
the above estimate, then the above argument tells us that equality occurs in 
fl22|) . Therefore the last claim follows from the last assertion in Theorem [Ml I 

On the other hand, we use the following result to prove Theorem [19] below: 

Proposition 16 ( [43] ) Let X he a closed oriented smooth ^-^nanifold with 
^ 2. // there is a non-zero monopole class a G if^(X, M) — {0}, then 
X cannot admit any Riemannian metric g of scalar curvature Sg>0. 

This result is well known to experts in Seiberg-Witten theory. We would 
like to notice that, however, a complete proof appears firstly in the proof of 
Proposition 3.3 in [i3] . 

On the other hand, there are several ways to detect the existence of 
monopole classes. For example, if X is a closed symplectic 4-manifold X 
with > 2, then ±ci{Kx) are both monopole classes by the celebrated 

result of Taubes [61], where ci{X) is the first Chern class of the canonical 
bundle of X. This is proved by thinking the moduli space of solutions of the 
Seiberg-Witten monopole equations as a cycle which represents an element of 
the homology of a certain configuration space. More precisely, for any closed 
oriented smooth 4-manifold X with b^{X) > 2, one can define the integer 
valued Seiberg-Witten invariant SWx(rx) £ ^ for any spin'^-structure Fj^ 
by integrating a cohomology class on the moduli space of solutions of the 
Seiberg-Witten monopole equations associated to F^: 

SWx : Spin{X) — > Z, 

where Spin{X) is the set of all spin'^-structures on X. For more details, see 
[6H [50] . Taubes indeed proved that, for any closed symplectic 4-manifold 
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X with b~^{X) > 2, SWxi^x) = 1 (mod 2) holds for the canonical spin*^- 
structure Tx induced from the symplectic structure. This actually implies 
that ±ci{Kx) are monopole classes of X. 

On the other hand, there is a sophisticated refinement of the idea of this 
construction. It detects the presence of a monopole class by element of a 
stable cohomotopy group. This is due to Bauer and Furuta [3, E]. They in- 
terpreted Seiberg-Witten monopole equations as a map between two Hilbert 
bundles over the Picard tours of a 4-manifold X. The map is called the 
Seiberg-Witten map (or monopole map). Roughly speaking, the cohomo- 
topy refinement of the integer valued Seiberg-Witten invariant is defined by 
taking an equivariant stable cohomotopy class of the finite dimensional ap- 
proximation of the Seiberg-Witten map. The invariant takes its value in a 
certain complicated equivariant stable cohomotopy group. We notice that 
Seiberg-Witten moduli space does not appear in their story. By using the 
stable cohomotopy refinement of Seiberg-Witten invariant, the following re- 
sult is proved essentially by LeBrun with the present author (Proposition 10 
and Corollary 11 in PTJ): 

Proposition 17 Fori = 1, 2, 3, 4, suppose thatXi is a closed almost- complex 
4-manifold whose integer valued Seiberg- Witten invariant satisfies SWxii^Xi) = 
1 ( mod 2), where Tx^ is the spin'^ -structure compatible with the almost-complex 
structure. Moreover assume that the following conditions are satisfied: 

• 6i(X,) = 0, b+{X,) = 3 (mod 4), 

4 

• ^b+{Xi) = 4 (mod 8). 

i=l 

Suppose that N is a closed oriented smooth 4-manifold with b'^{N) = and let 
El, E2, ■ ■ ■ , Ek be a set of generators for H'^{N, 1) /torsion relative to which 
the intersection form is diagonal. Then, for any j = 1, 2, 3, 4, 

j k 

5^±ci(Xi) + 5^±Ei (25) 

2=1 i=l 

is a monopole class of M := (^^{^^Xi^^N , where Ci(Xj) is the first Chern 
class of the canonical bundle of the almost- complex 4-fncLnifold Xi and the ± 
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signs are arbitrary, and are independent of one another. Moreover, for any 
J = 1,2,3,4, 

/3^(M)>^c?(X,). (26) 

i=l 



Proof. Thanks to Proposition 10 in ^T], it is enough to prove the bound 
(12^ only. First of all, by the very definition, we have 

/?2(M) := max{Q(x) := \ x e Hull(C(M))}. 

On the other hand, by (1251) . we especially have the following two monopole 
classes of M: 

j k j k 

ai :=^ci{Xi) + ^Ei, a2 := ^ ci(X,) - ^ 

1=1 i=l 1=1 i=l 

By (fT3l) . we are able to conclude that 

J]ci(X,) = -ai + -02 G Hu11(g:(M)). 

1=1 

We therefore obtain 

j j 

/3^(M)> (£ci(X,))' = 5^c?(X.) 

i=l i=l 

as desired. I 



Notice here that, in case of j = 1, we assume that 6i = and = 
3 (mod 4) hold. It turns out that, however, these conditions are superfiuous 
though such a thing is not asserted in |3T]. In fact, we are able to show 

Proposition 18 Let X be a closed almost- complex ^-i^cL^ifold with a non- 
trivial integer valued Seiberg-Witten invariant SWxiXx) 7^ 0, where Tx is 
the spin'^- structure compatible with the almost complex structure. Let N be 
a closed oriented smooth ^-i^o-nifold with b^{N) = and let Ei, E2, ■ ■ ■ ,Ek 
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be a set of generators for H'^{N, Jj) /torsion relative to which the intersection 
form is diagonal. Then, 



k 



i=l 



is a monopole class of M := Xjj^N, where Ci(X) is the first Chern class of 
the canonical bundle of X and the ± signs are arbitrary, and are independent 
of one another. Moreover, the following holds: 



Proof. It is known that there is a comparision map between the stable 
cohomotopy refinement of Seiberg-Witten invariant and the integer valued 
Seiberg-Witten invariant [Sl[7|. In particular, Proposition 5.4 in [7] tells us 
that the comparision map becomes isomorphism when the given 4-manifold is 
almost-complex and 6"'' > 1. Hence, the value of Bauer- Furuta's stable coho- 
motopy invariant of X for the spin'^-structure Tx compatible with the almost 
complex structure is non-trivial if X is a closed almost-complex 4-manifold 
with a non-trivial integer valued Seiberg-Witten invariant SWx{^x) 7^ 0. 
Moreover, the proofs of Proposition 6 and Corollary 8 in ^T] (see also The- 
orem 8.8 in [^) imply that 



is indeed a monopole class of the connected sum M := X^N. 

On the other hand, the last claim follows as follows. Indeed, by we 
are able to obtain the following two monopole classes of M: 



(27) 



k 




(28) 



i=l 



k k 



i=l i=l 



By (fT3l) . we obtain 



Ci(X) = ^bi + ^b2GHull((j:(M)). 



We therefore get 
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as promised. 



Theorem [71 Theorem [TH Proposition [T6| Proposition [T71 and Proposition 
[T8] together imply Theorem [19] below. We shall use Theorem [19] in next sec- 
tion. Moreover, Theorem [19] is of interest independently of the applications 
to the Ricci flow. Compare Theorem [TH] with Theorem A in [21] and several 
results of [T7j: 

Theorem 19 Let N be a closed oriented smooth ^-manifold with b'^{N) = 0. 
Let X be a closed almost- complex 4-i^o,nifold with b^{X) > 2 and cf{X) = 
2x{X) + 3t{X) > . Assume that X has a non-trivial integer valued Seiberg- 
Witten invariant SWx{^x) 7^ 0, where Tx is the spin'^ -structure compatible 
with the almost-complex structure. Then, 



y{X4^N) = A(X#iV) < -47r J2c?(X) < 0. 



(29) 



Moreover, if X a minimal Kdhler surface and if N admits a Riemannian 
metric of non-negative scalar curvature, then. 



y{Xi^N) = A(X#Ar) = -47r J2c2(X) < 0. 



On the other hand, letXi be as in Proposition\Tl\ and assume that ^^^^ ^li-^i) 
Y.{=i{'^x{Xi) + 3r(Xi)) > satisfied, where j = 2, 3, 4. For j = 2, 3, 4, 



ym=iXi)#N) = A((#l=iX,)#iV) < -Att 



\ 



2j2cl{X,)<0. (30) 



1=1 



Moreover, if Xi is a minimal Kdhler surface, where i = 1,2,3,4, and if N 
admits a Riemannian metric of non-negative scalar curvature, then. 



ym.iX.)*N) = lmUXi)*N) = -47r 



2 5^c?(X,) <0. 



i=l 



Proof. First of all, the condition that c?(X) = 2x{X) + 3r(X) > forces 
that a := df (£rx) is a non-zero monopole class. This fact with Proposi- 
tion [18] allows us to conclude that the connected sum X^N has non-zero 
monopole classes. By Proposition [TH] and this fact, X^N does not admit 
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any Riemannian metric g with > 0. This particularly implies that the 
Yamabe invariant of X^N is non-positive. By formula (ITU]) , we are able to 
obtain 

y{Xi^N) = Mni f sldf,y\ (31) 

V 9 J x#N ^ 

On the other hand, the bounds (fT9|) and fl2711 immediately imply 

Is{Xi^N) := inf [ sld^ig > 327r^c?(X). (32) 

9 J x#N 

We are therefore able to obtain the desired bound where we used The- 
orem [71 On the ther hand, it is known that, for any minimal Kahler surface 
X with b+{X) > 2, IsiX) = 32tt^cI{X) holds [391 SO]. Moreover, Is{N) = 
holds because we assume that admits a Riemannian metric of non-negative 
scalar curvature. Proposition 13 of [31j with these facts together tells us that 

Is (X#iV) < J, (X) + Is (N) = ?>2ti^ cl (X) . (33) 

It is clear that ([32D and ([33D imply Is{Xi^N) = 327f^ cl{X). This equality 
with fl3T]) and Theorem [71 gives us the desired equality: 

3^(X#iV) = A(X#iV) = -47r^2c?(X). 

We should notice that, in case where bi{X) = and b'^{X) = 3 ( mod 4), this 
result can be recovered from Theorem [71 and Theorem A of [31] . Moreover, 
the bound f[30|) is also essentially proved in [31j. For the reader, we shall 
include a proof. The method is quite similar to the above. In fact, since we 
know that {^l^iXi)^N has non-zero monopole classes, the bounds ( flQl) and 
( l26l) tell us that the following holds for j = 2, 3, 4: 

X.((#LiX,)#iV) := inf / s^d^ig > 327r2^c?(X,). 

This bound with Theorem [71 implies the desired bound (l30l) because the 
existence of non-zero monopole classes of {^\^iXi)^N forces that 

3^((#LiX.)#iV) = - (inf / s]dy^X" (34) 
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as before. On the other hand, if Xj is a minimal Kahler surface, here i = 
1,2,3,4, then Proposition 13 in [31] tells us that 



■t=i 1=1 



where we again used Ts{N) = 0. We therefore get 1s{.{,H^l=iXi)ij^N) 
327r^ X]i=i Ci(Xj). This equality with and Theorem [7] implies 



ym=iX^)m = A((#iiX,)#iV) = -An, 



Hence we obtain the promised result. 



As was already mentioned in Introduction, it is known that the Yam- 
abe invariant is sensitive to the choice of smooth structure of a 4-manifold. 
In fact, one can easily construct many examples of compact topological 4- 
manifolds admitting distinct smooth structures for which values of the Yam- 
abe invariants are different by using Theorem [191 We leave it as an excercise 
for the interested reader. 

We shall close this section with the following result. The bounds fl2T|) . fl26l) 
and fl27j) immedialtely imply the following important result for our purpose: 



Theorem 20 Let N be a closed oriented smooth ^-'mo-nifold with b'^{N) = 0. 
Let X be a closed almost- complex ^-manifold with b^{X) > 2 and with a non- 
trivial integer valued Seiberg-Witten invariant SWxX^Xi) 7^ 0, where Tx is 
the spin'^- structure compatible with the almost- complex structure. Then, any 
Riemannian metric g on the connected sum Mi := X^N satisfies 




On the other hand, let Xi be as in Proposition [77[ For j = 2,3,4, any 
Riemannian metric g on the connected sum M2 := i^^^iXj^jj^N satisfies 
the following strict bound: 
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5 Obstructions to the Existence of Non-Singular 
Solutions to the Normalized Ricci Flow 



In this section, we shall prove new obstructions to the existence of non- 
singular solutions to the normalized Ricci flow by using results proved in 
the previous several sections. One of the main results of this section is the 
following: 

Theorem 21 Let N be a closed oriented smooth 4-''nanifold with b^{N) = 0. 
Let X be a closed almost- complex 4.-i^anifold with b'^{X) > 2 and cf(X) = 
2x{X) +3r(X) > 0. Assume that X has a non-trivial integer valued Seiberg- 
Witten invariant SWxi^x) 7^ 0, where Tx is the spin'^ -structure compatible 
with the almost- complex structure. Then, there does not exist quasi-non- 
singular solutions to the normalized Ricci flow in the sense of Definition [H 
on a connected sum M := X^N if the following holds: 

il2b,{N) + 3b-iN))> cliX). (37) 

In particular, under this condition, there does not exist non-singular solutions 
to the normalized Ricci flow in the sense of DefinitionUi 

Proof. Suppose that there is a quasi-non-singular solution {g(t)},t & [0, oo), 
to the normalized Ricci flow on M := Xjj^N . First of all, the bound (12^ in 
Theorem [11] tells us that 

y{M) = A(M) < -477 -^20? (X) < 0, 

where notice that the assumption that cKX) = 2x{X)-\-3t{X) > 0. Theorem 
E] therefore tells us that the connected sum M must satisfy the strict FZZ 
inequality. More precisely, as was already seen in the proof of Theorem [6] or 
Theorem HI the following holds: 

2x(M) + 3r(M) > liminf —j^ j (2|iy+ / + -^)d^^,,,,dt. 

On the other hand, by the bound ( l35l) in Theorem [20l we get the following 
bound for any Riemannian metric g on M: 
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We therefore obtain 



> IcUx). 

On the other hand, a direct computation tells us that 

2x(M) + 3r(M) = 2x(X) + 3r(X) + (2x(iV) + 3r(iV)) - 4 
= cl{X)-{AhiN)+b-{N)), 

where we used the assumption that b~^{N) = 0. We therefore obtain 
cl{X)-{4W{N) + b-{N))>^-cl{X). 

Namely, 

{12bi{N) + 3b-{N)) <cl{X). 

By contraposition, we are able to get the desired result. I 

In Section [6] below, we shall actually use the following special case of 
Theorem [2T| but, a slightly stronger result in a sense: 

Corollary 22 Let X be a closed symplectic ^-i^o-nifold with b'^{X) > 2 and 
c1{X) > 0. Then, there is no non-singular solution of the normalized Ricci 
flow on a connected sum M := X^kCP'^ if the following holds: 

k > ^ciiX). (38) 

Proof. Let us again recall that a celebrated result of Taubes [61j asserts that, 
for any symplectic 4-manifold with b'^{X) > 1, the integer valued Seiberg- 
Witten invariant satisfies SWx(Xx) = 1 (mod 2), where Tx is the canonical 
spin^ structure compatible with the symplectic structure. Notice also that 
kCP'^ satisfies fe"*" = 0. These facts with (l37j) tell us that, if 3k > (X), then 
there is no non-singular solution of the normalized Ricci fiow on M. However, 
notice that the symplectic 4-manifold M cannot admit any Kahler-Einstein 
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metric with negative scalar curvature if > 0. This particularly implies the 
following strict bound: 

.2 , 



47r2 



here see also Corollary [151 This bound and the above proof of Theorem 
immediately implies the slightly strong bound (l38l) as desired. 



A similar method also allows us to prove the following obstruction which 
is the second main result of this section: 

Theorem 23 Fori = 1,2,3,4, let Xi be a closed almost-complex ^-manifold 
whose integer valued Seiberg-Witten invariant satisfies SWxii^Xi) = 1 (mod 
2), where Tx^ is the spin'^ -structure compactible with the almost- complex 
structure. Assume that the following conditions are satisfied: 

4 

• bi{X,) = 0, b+{Xi) = 3 (mod 4), ^6+(X,) = 4 (mod 8), 

1=1 

3 j 

. J]c2(X,) = J](2x(X,) + 3r(X,))>0, where j = 2,3,4- 

i=l i=l 

Let N be a closed oriented smooth Ji^-manifold with b'^(N) = 0. Then, for 
j = 2,3,4, there does not exist quasi-non- singular solutions to the nor- 
malized Ricci flow in the sense of Definition on a connected sum M := 

i^i^iXi^ jj^N if the following holds: 

j 

12(j - 1) + {12b,{N)+3b-{N)) > 5^c2(X,). 

i=l 

In particular, under this condition, there does not exist non-singular solutions 
to the normalized Ricci flow on M in the sense of DefinitionUl 

Proof. Suppose now that there is a quasi-non-singular solution {g(t)}, t G 
[0, oo), to the normalized Ricci flow on M. The bound fl30p in Theorem [T^ 
tells us that 



y{M) = \{M) < -47r 



2j2cl{X,)<0. 



1=1 
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This particularly tells us that, as before, the following must hold (see the 
proofs of Theorem H] and Theorem E] above) 

2x(M) + 3r(M) > liminf J ^ J + 

On the other hand, notice that the connected sum M admits non-zero monopole 
classes and cannot admit symplectic structures. This fact and Theorem [H] 
tell us that the bound fl36l) must be strict: 



We therefore obtain 

i=l 

On the other hand, a direct computation implies 

j 

2x(M)+3r(M) = ^(2x(X,) + 3r(X0) + (2x(iV) + 3r(iV)) - 4i 



i=l 



= -(46i(iv) + r (iv)) - 4(j + 

1=1 

where we used the assumption that b~^{N) = 0. We therefore get 

j j 

i=l i=l 

Namely, we have 

j 

12(j - 1) + (126i(iV) + 3r(iV)) < 5^c?(X,). 

i=l 

By contraposition, the desired result follows. I 
Theorem [23l a result of Taubes EU and the fact that a connected sum 



kCP'^4^i{S^ X S^) satisfies ft"*" = enable us to prove 
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Corollary 24 For i = 1,2, 3, 4, let Xj be a simply connected closed symplec- 
tic 4-manifold satifying 

4 

• b+{Xi) = 3 (mod 4), = 4 (mod 8), 

1=1 

j j 

• J2 = + 3r(X,)) > 0, where j = 2, 3, 4. 

1=1 i=l 

Then, for j = 2,3,4, there is also no non-singular solution to the normalized 
Ricci flow on a connected sum ^^j^^^Xj j ^kCP'^^i{S^ x S^) if the following 
holds: 

j 

12{j -1) + 12i + 3k>Y^ cl{Xi). 

i=l 

Similarly, for j = 2,3,4, there is also no non-singular solution to the nor- 
malized Ricci flow on 4i^l^iXi if the following holds: 

j 

12(j-l)>5^c?(X,,). 

i=l 

Let us close this section with the following result. Though it is not used 
in what follows, perhaps, it is worth pointing out that the following holds 
(cf. Corollary 1.5 in JTE\, Theorems 5.1 and 5.2 in |43j): 

Theorem 25 Let X be a closed oriented smooth ^-fnanifold with b^{X) > 2. 
Suppose that there is a quasi-non-singular solution {g{t)}, t G [0,oo), to the 
normalized Ricci flow in the sense of Definition // the Yamabe invariant 
of X is negative, i.e., y{X) < 0, then the following two inequalities hold: 

2x(X) + 3r(X)>^/52(X), (39) 

2x(X)-3r(X)>i/3^(X). (40) 

In particular, if X is a closed almost-complex 4-i^o,nifold with a non-trivial 
integer valued Seiberg-Witten invariant SWxiXx) 7^ 0, where Tx is the spin^- 
structure compatible with the almost- complex structure, then the bound ( f^Oj ) 
implies the Bogomolov-Miyaoka- Yau type inequality: 

X{X) > 3r(X). 
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Proof. By the assumption that y{X) < and the proof of Theorem E] above, 
we know that the existence of quasi-non-singular solution {g(t)}, t G [0, oo), 
to the normalized Ricci flow implies the following: 



1 pm+l p ij2 

2x(M)±3r(M) >liminf— / ^^(21^^,1, P + ^j^^.W^^- 
The inequality (l40l) is derived from this and (fT9l) . In fact, 

■J TXl ■J J\. 

We used (fTOll in the last part. Moreover, suppose that X is a closed almost- 
complex 4-manifold with a non-trivial integer valued Seiberg-Witten invari- 
ant SWxiXx) 7^ 0. Then, the bound (1271) particularly tells us that the 
following holds: 

f3\X) > cl{X) = 2x(X) + 3r(X). (41) 

We therefore get 

2x{X) - 3r(X) > ^(2x(X) + 3r(X)). 

Namely, we obtain 

xiX) > 3r(X) 

as promised. 

Finally, we also have 

2x(M) + 3r(M) > liminf j ^ j ^^^[m^.^l' + ^j^/^.^c^t 
This bound with ( 12T1) immediately implies the desired inequality: 

2x(M) + 3r(M) > '^P\X). 
40 



Hence the claim follows. 



I 



Remark Both ([39]) and (|40D still hold even if (3\X) is replaced by a\X) 
which is introduced in [121 HS]. For the reader, let us recall briefly the defin- 
tion of Let X be a closed oriented smooth 4- manifold with b^{X) > 2. 

Consider the Grassmannian Gr := Gr^j^ ^iJ^(X, M)^ which consists of all 

maximal linear subspaces H of M) on which the intersection form of 

X is positive definite. For each element H G Gr, we have an orthogonal 
decomposition with respect to the intersection form: 

H'^{X,R) = H©H. 

Hence, for a given monopole class a G and an element H G Gr, one can 

define a"*" to be the orthogonal projection of a to H. Using this projection, 
we can define the following natural quantity: 

a'{X):=inf ( nmx {aM. 

HeGr V oe£(X) / 

Though this definition is totally different from that of /?^(X), it is observed 
in [l3] that a^(X) = /5^(X) actually occurs in many cases. In this direction, 
see Section 5 of [43|. □ 



6 Proof of Theorem S 



In this section, we shall give a proof of Theorem 1X1 In what follows, we shall 
use the following notation: 

XhiX) := i (x(X) + r(X)) , c?(X) := 2x(X) + 3r(X) 

for any 4-manifold X. 

First of all, we shall prove the following result by using the obstruction 
proved in Corollary [22] above: 

Proposition 26 For every 6 > 0, there exists a constant ds > satisfying 
the following property: every lattice point (a,/?) satisfying 

< P < {6 - 5)a - ds (42) 
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is realized by {xh, cf) of infinitely many pairwise non-diffeomorphic simply 
connected symplectic ^-i^o-nifolds with the following properties: 

• each symplectic 4-fnanifold N is non-spin, 

• each symplectic ^-i^f^nifold N has negative Yamabe and Pelerman's A 
invariant, i.e., y{N) = \{N) < 0, 

• on each symplectic 4-''^o,™fold N , there exists no quasi-non-singular 
solution of the normalized Ricci flow in the sense of Definition In 
particular, there is also no non-singular solution of the normalized Ricci 
flow in the sense of DefinitionUl 

Proof. Building upon symplectic sum construction due to Gompf [21] and 
gluing formula of Seinerg-Witten invariants due to Morgan-Mrowka-Szabo 
[17j and Morgan-Szabo-Taubes [IH], a nice result on infinitely many pairwise 
non-diffeomorphic simply connected symplectic 4-manifolds is proved in [8]. 
In particualr, infinitely many smooth structures are given by performing the 
logarithmic transformation in the sense of Kodaira. Theorem 4 of |8j tells us 
that, for every 6 > 0, there exists a constant ds > satisfying the following 
property: every lattice point {a, (3) satisfying 



is realiezed by {xh, c1) of infinitely many pairwise non-diffeomorphic simply 
connected symplectic 4-manifolds. In particular, each symplectic 4-manifold 
X satisfies Ci{X) = (3 > and we are able to know that b'^{X) > 2 by the 
construction. By the bound (!38l) . we are able to conclude that, if a positive 
integer k satisfies 



then there exists no quasi-non-singular solution to the normalized Ricci flow 
on the symplectic 4-manifold := X^kCP"^. Moreover, := X^kCP"^ 
is non-spin. These non-spin symplectic 4-manifolds actually cover the area 
fH2]) and here notice also that 



Moreover, under the connected sum with CP^, the infinitely many different 
smooth structures remain distinct as was already noticed in [8]. Finally, since 



< (3 < {9-6)a-ds 




3C?(X) 



3' 



xdN) = Xh{X), cl{N)=/3-k. 
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X has non-trivial valued Seiberg-Witten invariant by a result of Taubes [5T] , 
the bound (12^ tells us that 



Remark By using Corollary [2U Proposition [26] and Theorem 4 of [8] , it is 
not hard to prove the following general non-existence result on non-singular 
solution: for every 6 > 0, there is a constant ds > such that a non-spin 
4-manifold mCP^^nCP^ has infinitely many smooth structures with 3^ < 
for which there exists no non-singular solution to the normalized Ricci flow 
for every large enough m ^ (mod 8) and n > [2 + 6)m + dg. The details 
are left to the interested reader. Under these conditions, the author does 
not know, however, whether or not mCP^^nCP'^ admits actually a smooth 
structure for which non-singular solutions of the normalized Ricci flow exist. 
□ 

On the other hand, there is a nice result of Cao [9l [10] concerning the 
existence of non-singular solutions to the normalized Ricci flow. We shall 
recall the following version of Cao's result which appears in |10j . 

Theorem 27 ([9l llOj ) Let M be a compact Kdhler manifold with definite 
first Chern class Ci(M). If Ci{M) = 0, then for any initial Kdhler metric 
go, the solution to the normalized Ricci flow exists for all time and converges 
to a Ricci- flat metric as t oo. If Ci{M) < and the initial metric go is 
chosen to represent the first Chern class, then the solution to the normalized 
Ricci flow exists for all time and converges to an Einstein metric of negative 
scalar curvature as t (yo. If ci{M) > and the initial metric go is chosen 
to represent the first Chern class, then the solution to the normalized Ricci 
flow exists for all time. 

Notice that, in case where ci(M) = or ci(M) < 0, the solution is actually 
non-singular in the sense of Definition [H Notice also that the affirmative 
answer of the Calabi conjecture due to Aubin [2J and Yau [Bni [EZj tells us 
that Kahler-Einstein metrics exist in these cases. See also Section 4 in (TU]. 
We shall use Theorem [27] to prove 



y{N) = X{N) < -A'K,j2^^ 



:?(X) = -47rv/2^ < 0. 



We therefore obtain the desired result. 



I 



43 



Proposition 28 For every positive integer i > 0, there are (.-tuples of simply 
connected spin and non-spin algebraic surfaces with the following properties: 

• these are homeomorhic, but are pairwise non-difjeomorphic, 

• for every fixed i > 0, the ratios cf/xh of the (-tuples are dense in the 
interval [4, 8], 

• each algebraic surface M has negative Yamabe and Pelerman's A in- 
variant, I.e., y{M) = A(M) < 0, 

• on each algebraic surface M, there exists a non-singular solution to 
the the normalized Ricci flow in the sense of Definition [II Moreover 
the existence of the solution forces the strict FZZ inequality 2x(M) > 
3|r(M)| as a topological constraint. 

Proof. Salvetti [57] proved that, for any k > 0, there exists a pair [xh, cl) 
such that for this pair one has at least k homeomorphic algebraic surfaces 
with different divisibihties for their canonical classes by taking iterated branched 
covers of the projective plane. This construction is fairly generalized in pj. 
By Corollary 1 of [8], we know that, for every i, there are ^-tuples of simply 
connected spin and non-spin algebraic surfaces with ample canonical bundles 
which are homeomorphic, but are pairwise non-diffeomorphic. Moreover, it is 
shown that, for every fixed i, the ratios cf/xh of the ^-tuples are dense in the 
interval [4, 8]. Therefore, to prove this proposition, it is enough to prove the 
third and fourth statements above. We notice that one can see that each such 
an algebraic surface M has b'^{M) > 3 by the construction. Now, the neg- 
ativity of the Yamabe and Pelerman's A invar! iant of the algebraic surface 
M is a direct consequence of Theorem [T9l In fact, the canonical bundle of 
each algebraic surface M is ample and hence Ci(M) < 0. In particular, since 
M is a minimal Kahler surface with 6^(M) > 3 and c1{M) > 0, Theorem [T^ 
tells us that 



Hence the third statement follows. 

The fourth statement follows from Theorem [27] above because each al- 
gebraic surface M has ample canonical bundle and hence Ci(M) < 0. We 
therefore conclude that, for the initial metric Qq which is chosen to represent 
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the first Chern class, there always exists a non-singular solution to the nor- 
malized Ricci flow and it converges to an Einstein metric of negative scalar 
curvature a.s t oo. On the other hand, notice that the non-singular solu- 
tion is particularly a quasi-non-singular solution in the sense of Deflnition [2j 
Theorem [6] and the fact that M has negative Yamabe invariant imply that 
M must satisfy the strict FZZ inequality 2x(M) > 3|r(M)| as a topological 
constraint. I 

Propositions [261 and [281 enable us to prove the main result of this article, 
i.e., Theorem Rl stated in Introduction: 

Theorem 29 For every natural number i, there exist a simply connected 
topological non-spin 4-''nanifold Xe satisfying the following properties: 

• Xi admits at least i different smooth structures Ml with 3^ < and for 
which there exist non-singular solutions to the the normalized Ricci flow 
in the sense of Definition [II Moreover, the existence of the solutions 
forces the strict FZZ inequality 2x > 3|r| as a topological constraint, 

• Xi also admits infinitely many different smooth structures with 
3^ < and for which there exists no quasi-non-singular solution to 
the normalized Ricci flow in the sense of Definition [H In particular, 
there exists no non-singular solution to the the normalized Ricci flow 
in the sense of DefinitionUl 

Proof. Proposition [2S1 tells us that, for every positive integer i > 0, we 
are always able to flnd ^-tuples M^ of simply connected non-spin algebraic 
surfaces of general type and these are homeomorhic, but are pairwise non- 
diffeomorphic. And the ratios c^/x/i of are dense in the interval [4, 8] for 
every flxed i > 0. Moreover, Proposition [28l tells us that each of M^ has 
3^ < and, on each of M^, there exists a non-singular solution to the the 
normalized Ricci flow and the existence of the solution forces the strict FZZ 
inequality 2% > 3|r| as a topological constraint. 

On the other hand. Proposition [26] tells us that any pair [a, (3) in the area 
f H2|) can be realized by (x/i, c^) of inflnitely many pairwise non-diffeomorphic 
simply connected non-spin symplectic 4-manifolds with 3^ < and on each 
of which there exists no quasi-non-singular solution of the normalized Ricci 
flow. Notice that the ratios c\/xh of these non-spin symplectic 4-manifolds 
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are not more than 6, here see again the area fl42l) . By this fact and the 
density of the ratios c\/xh of Ml in the interval [4,8], we are able to find 
infinitely many pairwise non-diffeomorphic simply connected non-spin sym- 
plectic 4-manifolds Nl such that 3^ < and, on each of iV^, there exists no 
quasi-non-singular solution of the normalized Ricci flow, and moreover. Ml 
and Nl are both non-spin and have the same (x/ijcf). Freedman's classifica- 
tion |T2] implies that they must be homeomorphic. However, each of Ml is 
not diffeomorphic to any Nl because, on each of Ml, a non-singular solution 
exists and, on the other hand, no non-singular solution exists on each of Nl. 
Therefore, we are able to conclude that, for every natural number £, there 
exists a simply connected topological non-spin 4-manifold satisfying the 
desired properties. I 



7 Concluding Remarks 

In this article, we have seen that the existence or non-existence of non- 
singular solutions to the normalized Ricci flow depends on the diffeotype 
of a 4-manifold and it is not determined by homeotype alone. In particular, 
we considered distinct smooth structures on simply connected topological 
non-spin 4-manifolds pCP^^qCP"^ in Theorem |Al Freedman's classification 
|19j tells us that, up to homeomorphism, the connected sums jCP'^j^kCP'^ 
provides us with a complete list of the simply connected non-spin 4-manifolds. 
In light of this fact, it will be tempting to ask whether or not the phenomenon 
like Theorem |A] is a general feature of the Ricci flow on simply connected 
non-spin 4-manifolds admitting exotic smooth structures. However, there are 
quite many difficulties to prove such a result and hence this is a completely 
open problem. 

On the other hand, in case of topological spin 4-manifolds, the situ- 
ation on homeo types is a bit more unsettled. But, the connected sum 
m{K3)^n{S^ x S"^) and thier orientation-reversed version, together with 4- 
sphere S"^ at least exhaust all the simply connected homeotypes satifying 
X > ^|r| + 2. The 11/8-conjecture asserts that this constraint is indeed 
satisfied automatically and hence that the above list of spin homeotypes is 
complete. Notice that there is a storng partial result due to Furuta [20] which 
asserts that x ^ y I'^'l +2 holds. It will be also tempting to ask whether or 
not a result like Theorem |X] still holds for the Ricci fiow on simply connected 
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spin 4-manifolds admitting exotic smooth structures. However, the present 
method cannot prove an abundance theorem hke Theorem |X] in spin case 
because the present method cannot prove a result hke Proposition [261 in spin 
case. Hence the situation is quite different from the case of non-spin. 

FinaUy, it will be also interesting to ask whether or not a phenomenon 
like Theorem |X] still occurs in non simply connected case. We hope to return 
this interesting subject in further research. 



References 

[1] K. Akutagawa, M. Ishida and C. LeBrun, Perelman's invariat, 
Ricci flow, and the Yamabe invariants of smooth manifolds, Arch. Math. 
88, (2007), 71-76. 

[2] T. AuBiN, Equations du type Monge-Ampere sur les varietes 
Kdhleriennes compactes, C. R. Acad. Sci. Paris. 283 (1976), 119-121. 

[3] T. AuBiN, Equations differentielles non lineaires etprohleme de Yamabe 
concernant la courbure scalaire, J. Math. Pures Appl. 55(9) (1976) 269- 
296. 

[4] W. Barth, C. Peter and A. Van de Ven, Compact complex sur- 
faces, Springer- Verlag, 1984. 

[5] S. Bauer and M. Furuta, Stable cohomotopy refinement of Seiberg- 
Witten invariants: /, Invent. Math. 155 (2004) 1-19. 

[6] S. Bauer, Stable cohomotopy refinement of Seiberg-Witten invariants: 
II, Invent. Math. 155 (2004) 21-40. 

[7] S. Bauer, Refined Seiberg-Witten invariants. Different faces of geome- 
try, 1-46, Int. Math. Ser. (N.Y.), Kluwer/Plenum, New York, 2004. 

[8] V. Braungardt and D. Kotschick, Einstein metrics and the num- 
ber of smooth structures on a four-manifold. Topology. 44 (2005) 641- 
659. 

[9] H.-D. Cao, Deformation of Kdhler metrics to Kdhler- Einstein metrics 
on compact Kdhler manifolds. Invent. Math. 81 (1985) 359-372. 



47 



H.-D. Cao and B. Chow, Recent developments on the Ricci flow, 
Bull. Amer. Math. Soc. (N.S) 36(1) (1995) 59-74. 

H.-D. Cao and X.P Zhu, A complete proof of the Poincare and ge- 
ometrization conjectures- application of the Hamilton- Perelman theory 
of the Ricci flow, Asian J. Math. 10(2) (2006) 165-492. 

X.-D. Cao, Compact gradient shrinking Ricci solitions with positive 



curvature operator, arXiv: |math.DG/0601599 (2006). 



J. Cheeger and M. Gromov, Collapsing Riemannian manifolds 
while keeping their curvature hound I, J. Differential Geom. 23 (1986) 
309-364. 

B.-L. Chen and X.-P. Zhu, Ricci flow with surgery on four-manifolds 
with positive isotropic curvature, J. Differential Geom. 74 (2006) 177- 
264. 

S.K. DoNALSDON, An application of gauge theory to four- dimensional 
topology, J. Differential Geom. 18 (1983) 279-315. 

S.K. DoNALSDON AND P.B. Kronheimer, The geometry of four- 
manifolds, Oxford University Press, Oxford 1990. 

F. Fang and Y. Zhang, Perelman's A functional and the Seiberg- 
Witten equations. Front. Math. China. 2, (2007), 191-210. 

F. Fang, Y. Zhang and Z. Zhang, Non-singular solutions to the 
normalized Ricci flow equation. Math. Ann. 340 (2008) 647-674. 

M. Freedman, On the topology of ^-'^^o-nifolds, J. Differential Geom. 
17 (1982) 357-454. 

M. FuRUTA, Monopole equation and (conjecture. Math. Res. Lett. 8 
(2001) 279-291. 

R. E. GoMPF, A new construction of symplectic manifolds, Ann. of 
Math. 142(2) (1995) 527-595. 

M. Gromov and H.B Lawson, The classification of simply connected 
manifolds of positive scalar curvature, Ann. of Math. Ill (1980) 423- 
434. 



48 



R. Hamilton, Three manifolds with positive Ricci curvature, J. Differ- 
ential Geom. 17 (1982) 255-306. 

, Four-manifolds with positive curvature operator, J. Differential 



Geom. 24 (1986) 153-179. 

, Formation of singularities in the Ricci flow. Surveys in Diff . Geom. 



2 (1995) 7-136. International Press, Boston. 

, Four-manifolds with positive isotropic curvature. Comm. Anal. 



Geom. 5 (1997) 1-92. 

, Non-singular solutions of the Ricci flow on three-manifolds. 



Comm. Anal. Geom. 7 (1999) 695-729. 

N. HiTCHIN, On compact four- dimensional Einstein manifolds, J. Dif- 
ferential Geom. 9 (1974) 435-442. 

J. ISENBERG, M. Jackson and P. Lu, Ricci flow on locally homoge- 
neous closed 4-fn(inifolds, Comm. Anal. Geom. 14 (2006) 345-386. 

M. ISHIDA and C. LeBrun, Spin manifolds, Einstein metrics, and 
differential topology. Math. Res. Lett. 9 (2002) 229-240. 

, Curvature, connected sums, and Seiberg-Witten theory. Comm. 

Anal. Geom. 11 (2003) 809-836. 

M. ISHIDA, Normalized Ricci flows, singularities, and Seiberg-Witten 
theory, in preparation. 

, Normalized Ricci flows, volume entropy, and exotic smooth struc- 



tures, in preparation. 

B. Kleiner and J. Lott, Notes on Perelman's papers. arXiv: 
imath.DG/0605667 (2006). 

O. KoBAYASHi, Scalar curvature of a metric of unit volume. Math. Ann. 
279 (1987) 253-265. 

P.B. Kronheimer, Minimal genus in S'^ x M, Invent. Math. 135 
(1999) 45-61. 



49 



[37] C. LeBrun, Einstein metrics and Mostow rigidity, Math. Res. Lett. 2 

(1995) 1-8. 

[38] , Polarized 4-'m'0'iT''ifolds, extremal Kdhler metrics, and Seiberg- 

Wztten theory, Math. Res. Lett. 2 (1995) 653-662. 

[39] , Four-manifolds without Einstein metrics, Math. Res. Lett. 3 

(1996) 133-147. 

[40] , Kodaira dimension and the Yamabe problem. Comm. Anal. Geom. 

7 (1999) 133-156. 

[41] , Ricci curvature, minimal volumes, and Seiberg-Witten theory. In- 
vent. Math. 145 (2001) 279-316. 

[42] , Einstein metrics, four-manifolds, and differential topology, in Sur- 
vey in differential geometry, Vol. VIII (Boston, MA, 2002), Int. Press, 
Somerville. MA. 2003 235-255. 

[43] , Four-manifolds, curvature bounds, and convex geometry, arXiv: 

|math.DG/0611450 (2006). 

[44] J. Lee and T. Parker, The Yamabe problem. Bull. Am. Math. Soc. 
17 (1987), 37-91. 

[45] J. LOTT, On the long-time behavior of Type-Ill Ricci flow solutions, 
arXiv: math.DG/0509639 (2005). 

[46] L. Ma, Remarks on compact shrinking Ricci solitons of dimension four, 
preprint (IHES/M/06/50). 

[47] J.W. Morgan, T.S. Mrowka and Z. Szabo , Product formula along 
T^ for Seiberg-Witten invariants. Math. Res. Lett. 4 (1997) 915-929. 

[48] J.W. Morgan, Z. Szabo and C.H. Taubes , A product formula 
for the Seiberg- Witten invariants anf the generalized Thom conjecture, 
J. Differential Geom. 44 (1996) 706-788. 

[49] J.W. Morgan, and G. Tian , Ricci flow and the Poincare conjecture, 
arXiv: ,math.DG/0607607 (2006). 



50 



L. NicOLAESCU, Note on Seiberg-Witten theory, Graduate Studies in 
Mathematics Volume 28 (2000). 

G. Perelman, The entropy formula for the Riccifiow and its geometric 
applications, arXiv: |math.DG/0211159| (2002). 

, Ricci flow with surgery on three-manifolds, arXiv: 



math.DG/0303109 | (2003). 



, Finite extinction time for the solutions to the Ricci flow on certain 

three-manifolds, arXiv: |math.DG/0307245 (2003). 

J. Petean, Computations of the Yamabe invariant. Math. Res. Lett. 5 
(1998) 703-709. 

, The Yamabe invariant of simply connected manifolds, J. Reine 



Angew. Math. 523 (2000) 225-231. 

J. Petean and G. Yun, Surgery and the Yamabe invariant, Geom. 
Funct. Anal 9 (1999) 1189-1199. 

M. Salvetti, On the number of non-equivalent differentiable structures 
on ^-'manifolds, Manuscripta. Math. 63 (1989) 157-171. 

R. ScHOEN AND S.-T. Yau, On the structure of manifolds with positive 
scalar curvature, Manuscripta. Math. 28 (1979) 159-183. 

R. ScHOEN, Conformal deformation of a Riemannian metric to con- 
stant scalar curvature, J. Differential Geom. 20 (1984) 478-495. 

, Variational theory for the total scalar curvature functional for Rie- 
mannian metrics and related topics, Lec. Notes Math. 1365 (1987) 120- 
154. 

C. H. Taubes, The Seiberg-Witten invariants and symplectic forms. 
Math. Res. Lett. 1 (1994) 809-822. 

J. A. Thorpe, Some remarks on the Gauss-Bonnet formula. J. Math. 
Mech. 18 (1969) 779-786. 

N. Trudinger, Remarks concerning the conformal deformation of met- 
rics to constant scalar curvature, Ann. Scuola Norm. Sup. Pisa. 22 
(1968) 265-274. 



51 



[64] E. WiTTEN, Monopoles and four-manifolds. Math. Res. Lett. 1 (1994) 
809-822. 



[65] H. Yamabe, On the deformation of Riemannian structures on compact 
manifolds, Osaka Math. J. 12 (1960) 21-37. 

[66] S.-T. Yau, Calabi's conjecture and some new results in algebraic geom- 
etry, Proc. Nat. Acad. USA.74 (1977), 1789-1799. 

[67] S.-T. Yau, On the Ricci curvature of a compact Kdhler manifold and 
the complex Morge-Ampere equation I, Com. Pure and Appl. Math. 31 
(1978), 339-411. 



Masashi Ishida, 

Department of Mathematics, Sophia University, 
7-1 Kioi-Cho, Chiyoda-Ku, Tokyo 102-8554, Japan 
E-MAIL: masashi@math.sunysb.edu 



52 



